KAKEYA’S PROBLEM ON THE ZEROS OF THE
DERIVATIVE OF A POLYNOMIAL*

BY
MORRIS MARDEN}

1. Introduction. If all # zeros of a polynomial f(2) of degree » lie in or on a
circle K of radius R, then, according to the well known theorem of Gauss and
Lucas,] all —1 zeros of its derivative f'(z) also lie in or on K. If only two
zeros of f(2) lie in or on K, then, according to a theorem stated by Alexander
and proved by Kakeya and Szegd,§ at least one zero of f/(2) lies in or on the
concentric circle of radius R csc (w/n). If all but one of the zeros of f(z) lie in or
on K, then, according to a theorem due to Biernacki,|| at most one zero of
f'(2) lies outside of the concentric circle of radius R(1+1/#)'2 In general,
according to a theorem stated by Kakeya,§ if p zeros of a polynomial f(z) of
degree n, (2= p=n), lie in or on a circle of radius R, then at least p—1 zeros
of its derivative lie in or on a concentric circle of radius Rp(n, p).

The existence of a function p(#, p) was proved by Kakeya§ in the general
case. The actual computation of p(n, p) seems, however, to have been made
so far only in the three cases mentioned above; namely,

pin,n) =1,  p(n,2) Scsca/n,  pln,n—1) = (1+1/2)!2.

Although in the present note the minimum value of p(%, p) in the general case
will not be determined, two inequalities for p(#, p) will be established. First,
for all # and p, 2=p=n),

™
(1) p(‘n, ﬁ) _S_ CsC mr

and, secondly, for at least p an even integer,{
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) p(n, p) 2 (2 — p/m)'2.

The second inequality may be proved simply by exhibiting a polynomial
of degree » which has p=2m zeros in or on the unit circle and of which the
derivative has at least p—1 zeros in or on the circle |z| =(2—p/#)V2 Such a
polynomial is

f(z) = [zz - Zz(zntl_ P>m+ l]m2 [z - %(n(Zn - 1,))1/2]"_”;

for, it has zeros of multiplicity $/2 on the unit circle at the points

n 1/2 .n_? 1/2
=) =G
2n—p 2n—p

and its derivative has zeros of multiplicity (p—2)/2 at these points and a
double zero at the point z=(2—p/n)V2

The proof of the first inequality, however, will require the establishment
of an identity (apparently new) relating any p zeros of a polynomial

J@G) =G —a)z—a) - (z— an)

with any (»— p-+1) zeros of its derivative which are distinct from the p given
zeros of f(z). The identity is a generalization of the well known formula

L 1

=1 B — a;

relating the # zeros of f(z) with any one zero 8 of f’(z) which is not a zero of f(3).

The identity in question is derived in §2 and applied to the proof of in-
equality (1) in §3. In §4, the relation of this inequality to one given by Fekete
is discussed. Finally, in §5, the inequality is used to obtain a sufficient con-
dition for a polynomial to be at most p-valent in a given circle or other convex
region.

2. An identity. The identity mentioned above is described in the following
theorem:

THEOREM 1. If the n+1 complex numbers
al,a2""’ap;Blyﬂ2,"'7Bq7 2§P§”:‘1=”_P+1»

are distinct and if all of the a; are zeros of a polynomial f(z) of degree n and all
of the By are zeros of its derivative f'(z), then

A3) >

Djjy. i

=0,

B — ai)(Be — i) - - - (Bg— i)
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where ji, ja, - - - , ] run independently from 1 to p, where
P
Diyiyevvig = JI (i + i + - - - + 8mi))
m=1
and where 8.;=1 or 0 according as j=m or j=m.
To prove Theorem 1, we shall let
P)=(z—o))(z—as) -+ (3— ap).
Then there exist ¢ constants ao, @1, - - - , @g-1, not all zero, such that
f(@) = (@ + az+ -+ - + ag—1z27)P(2).
These constants satisfy the system of ¢ homogeneous linear equations

B = a0 P + a1~ [8,P6,)] 2 67Pe)] = 0
f(ﬁi)—aozﬂ'; 87 01% BiP(B;) +"'+aq—1:1?j Bi PB)] =0,

J=12--,4q,
of which system the determinant

PG — [BiPE] - — 8 P()]
323: (81) E}—S_l B1P(B1) t—i/—SI B1 P(B1)

d d d 1
E;P(ﬁz) Y [B:P(B2)] - - - — [B: P(B2)]

(4'1) A(ﬂl) 52) ttt yﬂq)= dB2

_d__p i[ P ] d
8o 7 B.P(B) T

dB,

85 P(8,)]

must therefore vanish.
Defining V(B4 B2, - - - , B,) as the Vandermondian determinant

1 8 BB
1 B 322‘ - Bg—l LI |
(4.2) V(By,Bs---,B) = = II II -8y,
e e el
1 B Ba---Be
we may write
019
A(ﬂly 327 tt Bq) =T [P(ﬁl)P(B2) T P(Bq)V(ﬂly 62) ] Bq)]’

081982 - - - 9B,

and hence
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rrtket -« +hg—aA ghrtkat- - tkq

9B1F10B* - - - 3B re = 9B1M18Bskt - - - BB e [PB)P(Bs) - - - PBHV].

The right-hand side of this equation may be evaluated by Leibniz’ rule for
differentiating a product as follows. First,

dny
(k1—i1)
9B+ [P(ﬂl)V] 1‘2 Ch uP 1= (Bl)aﬁ n

where Cy,,;,=k1!/f1l(ki—j1)! and Ci,,0=1. If, now, we assume that for some
fixed value of m, (1 <m=<q),

Jrrthet- - +km

= [PB)P®B,) - - - P(Bn)V]

6ﬂ1’“aﬁzl" [
k1
-3 3 2 {Haweervey oLy,
N F1m0 jam0 im0 9B’
then

Jkrtkate - tkmt1

OB H1OB - - - OB [P(B)PB) - - - P(Bmi1)V]

k1 km akm+l
E~--E{Hck.,P<h 0B —— } O PV

i1=0 Im=0 f=1 ﬁ m+1
IR R P
= « o Ck, ‘P(kl h)(ﬂ) }
fi=0 im0 " aﬁ"'
km+1 ) Jimnl/
Z Chmsr.imsrP Gemt1=imt D (B 1) aimtl
im41=0 Bt
= PN Ck, ‘P(kl lt)(ﬂ) }
im0 im0 gmpmo Lsp " gy

We may conclude by mathematical induction, therefore, that

rrtkat - +he—a A

6;31"1—‘8,33""‘ P aﬁ kq—1

=3 2 3 { T cnapere ——}

f1=0 jo=0 iq=0 =1

¢.1

It is furthermore clear that A(By, B, - - - , B,) is a polynomial of degree
n—1in each B;. Since A vanishes when any two B; are equated, A must have ¥V
as a factor. Hence the quotient

A(ﬁl; 321 ) Bq)

q’(ﬂl’ 52’ ttt yﬁq) =

V(ﬂlr 327 ) ﬁq)
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is a polynomial of degree
n—1)—@—-1)=n—g=p—1
in each B;, and, as is evident from formulas (4.1) and (4.2), it is symmetric
in the ﬁ,‘.
Since P(2) is a polynomial of degree p and has no multiple zeros, it is true,
according to Lagrange’s interpolation formula that

q’(ﬂb Be, - -, Bq) — i q’(ain B2, Bsy - - -, ﬁq) .
. P(ﬁl) j1=1 P,(ail)(ﬁl - ail)

If, now, it be assumed that, for m any fixed positive integer less than g,

Q(ﬂl; Bz, Ct ﬂq)
P(B)P(Bs) - - - P(Bm)
= z’: i e i - '@(a,-,, Q gy "' Ty Oy Bmi1y Bmiz, - - - Bﬂ)
i1 i1 it Pllai)P(ajy) - - - Paj,)(Bi—aj)(Ba—aj) - - - (Bm—aj,)
then again by Lagrange’s formula

q’(ﬂl, B!, Sty Bq)
P(B1)P(Bs) - - - P(Bms1)
y 4 P Y4 1
- nz-! 1':2-1. B :',..Z-l P'(aj)P'(aj,) - - - Plaj,)(Bri—aj)(Ba—ajy) - - - (Bn—aj,)
zp: q)(aiu Qjyy *** s Qjpryy Bmaz, =0 ﬁc)'

Imt1=1 P,(ain+l) (B"H'l - aim+l)

b

It follows then by mathematical induction that

®(By, Bs, - - - , Ba)
P(B:1)P(B,) - - - P(By)

(5.2) P2 L] &(aj, o)
i19 Xjgy © 7 7y X
= E E D - ; Lt ‘e .
il i1 g1 Pleg) - Pllag)(Br—ay,) - - - (Be—ai,)
Let us next compute the value of ®(a;,, ajs, - - - , a;,) for a given set 4
of the 778

First, let us consider the case that no two «;; of set A are equal. Then
from formula (4.2) it follows that

V(aiv Qjyy " * "y afq) # 0;

and, since the a;; are zeros of P(3), it follows from (4.1) or (5.1) that
A(aii: Qjgy * ° "y aiq) = P’(ail)P'(aia) ct Pl(aiq)V(ain Qjyy * " ° aiq) #= 0
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and hence that
q’(aiv Qjyy * " * aiq) = P/(ail)P,(aiz) e P’(aiq)‘

Secondly, let us consider the case that in the set 4, aj,=a;,= - - - =a;,,
(m=9), but aj,, aj, ., - - -, @;, are distinct. From formulas (4.1) and (4.2)
it then follows that the derivatives
P L2 ok2 Oku

(6.1) [ e V] ,
9B1*1 9B, 9B la
k1 Jk2 Qku

6.2) [ . A]
9B1** 9B+ T R

vanish whenever two or more k; are equal and, therefore, whenever
kit ket - +EB=0+14+24+---+@—1) =pk—1)/2

unless (&1, ks, - - -, k,) is the set K;: (0, 1, - - -, u—1) or a set obtainable by
merely permuting the numbers of the set K;. These u! sets will be referred to
hereafter as the sets K.

In the neighborhood of the point 4,

Q(Bly Bay e e, Bq)
i L2} ok KL

Bipke . .. ¢k A
D bk $u {[831’“ 9B B :IA + €rk, kq}
okt gk EL ,
Z [ LI g-“ku{l: e V:I + ehkz...kq}
A

9B1*r 9Bs+ 0"

where {;=8;—a;,,
[eklkz“ -k,]A = [eilkz"'kq]A =0,

and both sums are taken over all sets K. Furthermore, since changing from
one set K to another set K merely multiples both derivatives (6.1) and (6.2)
by one or both by minus one, we may write

Q(Bl) 62; T ﬂq)
d 92 o1
Z Cifiggke - o g-“ku{i [ Ce Al + eklkg"'kq}

OB 0B 9!

—_ .

Eg-klg-kz...g-ku{-;-[.ia_z... i V]A_'_el }
U Logs opr ap ek

If therefore for a given path of approach of the pofnt By, By -+, By to A
lim ({i/$1) =ns, then
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Fo o s
2 2 ... A + )ngkngta - - - g ke
o5, ope apr = (e "
q’(aiv Qjgy ** aiq) = — -
Ta o L .
—— —— e s V + 17 2" 3 e o 77 '
| 3B 94 B s B *
f o & 1 7
2T . A
_ Loge aBs* Bt s
T rae & o1
... 14
|_38: 9P B 4

Finally, according to formula (5.1),

a 62 all—l 1 2 M 1 1
(22 2h]-S % % 5 %ot G
A

9B2 9B 9B im0 dz=0  Gu=0 ja4r=0  ig=0

- PO=id(g, ) PO=i) () - - -+ PU—io) () PO=iwtD(a, )

9711 iz dia
. P(l—iq)(ah)[ : e — V] .
By 9B Bie da

Since the a;; are zeros of P (g),

9 62 a“_l 1 2 p—1
[ ERE A] = Z Z e Z C2.izc3:fa T Cﬂ-fu
A

9B. 9Bs 9,1 - iu=0

P(ag) PO (ay) -+ PO (@) P 0r)
9iz 91 Qu
Pl o 7]
9By 085" B+ Ja
By use of our above remarks on the vanishing of the derivative (6.1), this
expression reduces further to

[ 3 & 1

DT

96, 9B OB

A] = C2,Cs,2 * * * CuyrP'(aj) P'(aj,)
A

9 92 91
“ e P'(Ot;'q) [___ _ . V] H
9Bz 3B Lt da

and, consequently,
<I>(a,~1, Qjgy * * ° aj,,) = u!P’(a;l)P'(ah) s P'(a;q).

Thirdly, let us consider the case that all of the o;, in the set 4 are dis-
tinct except for u of the «;, which are equal to one another, these u of the a;;
not being necessarily the first u of the «;,. Then, due to the symmetry of the
function ®(B,, B, - - -, B,) in the B;, we see that the result obtained in the
second case holds here also; namely,
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tI)(aiu Qjgy * " * aiq) = /‘!P’(ail)P’(afz) tt P,(afq)'

Lastly, let us consider the most general case. Because of the symmetry of

&8y, By, - - -, B,) in the B;, we may, without loss of generality, assume that
1=515j2:< - - - £j,=p. Let us suppose concerning the set 4 that
aj; = % = = Oj,, Al)
Qg +1 Qjgy+a = Qj,, A27

Ao, s+1 = Xjoy 142 = = Qg = 4,

where 0=0¢<0,< - - - <o,=¢ and all the 4; are distinct. Let y;=0;—0;_;.
Then, exactly as in the second case, one concludes that

a2 gm=t \
[ O it ) A ]
M= aﬁvm-1+2 aﬁa,,. +3 9 om A

q:'(ain Qjgy * ° " aiq) = ’

] 92 Qpm—
(e wn w)]
m—1 aﬂvm —1+2 aﬁam —1+3 9 A
that

:g 9 on-1
(I )]
m-1 0B 142 OB, _ 143 9 4

om

- H () P'(at3) P’ at3)

2 o om—t
e B E
e me1 0Bs,, _1+2 OB _i43 apin! 4

and therefore that
d)(afu Qjgy " ° "y aiq) = H ("m!)P’(aix)P'(ah) e P,(al'c)°
Ml

The substitution into equation (5.2) of theabove value of ®(a;,, ajs, - - -, ;o)
and the use of the relation um = _{_,8.;, complete the proof of Theorem 1.

In the foregoing proof of Theorem 1, the #+1 numbers ay, a3, - - - , oy,
B, Be, - - -, B, were assumed to be all distinct. Since the left-hand side of
equation (3) is a function which is continuous in all the a; and 8 except for
the values a; =8, (j=1,2, - - -, p; k=1,2, - - - | ¢), an identity similar to (3)
may be derived as a limiting case of (3), in the event that not all of the «;
are distinct and that not all of the 8; are distinct, provided that no «; is a ;.

Suppose, for example, that
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ay =ag = -+ = qy, tép,
but that o, a1, - - -, ap, Bi, Be, - - -, By are distinct. Then equation (3)
may be written as
P yd b4

) E Z . Z . Eji-- i =0

=t Gyt imt (B1— aj)(Ba — ajp) - - - (Bg — ajy)

where E;,;,...;, is a constant which will now be determined. If a; occurs ex-
actly X times in the denominator of a given term of equation (7), for example,
in the product

€)) Br—a)Bs—as) -+ (Br— a)),

that term may be considered as the limit of the sum of all terms of equation
(3) in the denominators of which occur the products

(Br — a@j))(Be — ajp) - - - (B — ;)

where the «;; are selected in all possible ways from the set -

(a1, a3, - -+, a).
Suppose k1 au’s, k2 ao’s, - - -, and k, a,’s, where x;20, all 7, and
) k1t ke + - ke =N
are selected. There are in (3)
A

terms which contain the chosen a; and, according to Theorem 1, each of
these terms will have as a factor of the numerator coefficient D the product

kilka! - - - kL.
Hence, the factor A! occurs in the numerator of the limit of the sum of such
terms. The set of nonnegative integers (ki, xz, - - - , ;) may, in addition, be se-

lected subject to the condition (9) in Ciya—1,, Ways. Hence, the factor corre-
sponding to (8) in the numerator of the given term of (7) will be

MCopap =t(¢+1D)E+2)--- ¢+r—1).

On the other hand, suppose that 8;=8;= - - - =8,but that Bu,Bu+1, - - *, B,
are distinct. Then, since the number of terms of (3) in which 3y, 8s, - - - , B, are
associated with 8; ay’s, 82 a’s, - - -, 8, a,’s, where 8+ 8+ - - - +8,=u, is

u!

8.105! - - - 8,1
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that number of terms coalesce to form the single corresponding term of the
limit of (3).
Thus the following corollary is evident:

COROLLARY. Among the r+s distinct numbers
Ay Ay, -+, A,, By By ---,B,
let each A ; be a zero, of multiplicity at least p;, of a polynomial f(z) of degree n,
and each B a zero, of multiplicity at least qx, of the derivative of f(z) where
2=ptp2t+---+pr=p=n
and
ntet--t+e=qg=n—p+1.
Then the A ; and By, satisfy the relation
o1y MG i1

where the sum is formed for all vy, (=1, 2,---, s; k=1, 2,---, 1),
such that v;,=0, 1, 2,---, ¢q; and va+vp+ - - +vi=q; and where
Be=vietraet - - - Fvor.

3. Proof of inequality (2). Theorem 1 and its corollary will now be applied
to the establishing of the following theorem:

THEOREM 2. If a polynomial f(3) of degree n, (n=2), has p, (p =2), zeros
in or on a circle K of radius R, then its derivative f'(2) has at least p —1 zeros in
or on the conceniric circle K' of radius

R =Resc—o .
2n—p+1)

For the proof of Theorem 2, it may be assumed without loss of generality
that K is the unit circle |z| =1.

Let ay, o, - - -, @, be the p given zeros of f(z), and let By, B, - - - , Bacr
be all #—1 zeros of f'(z), the subscripts on the 8; being chosen so that

|8:] 218 2 - 2| Buual.

If | B,| <1,whereg=n—p+1,thenalso |8;| <1,(j=g+1,¢+2, - - -, n—1);
that is to say, at least (n—q) =(p—1) of the B; will lie in the unit circle and
therefore in the circle K’.

If |8,| >1, then likewise |8;] >1, (j=1,2, - - -, ¢—1). As || =1 for all
k, no B;, (j=1,2, - - -, ¢), will be an a;; hence either Theorem 1 or its corol-
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lary may be used. Let ¢; be the angle subtended by the circle K in the point
Bi, and let o/ denote the a; corresponding to a given 83; such that

Oéal‘gﬂ'—a; S¢S, <7
Bi— o
forallj=1,2,-..,¢gandallk=1,2,- .- p. It follows that
H (BJ - a,
0Sarg T < (g - 04
H(ﬂi—ak,«)

j=1
where 8, (0= 6 =g), denotes the number of factors common to the two prod-
ucts
q
H (ﬂi - ai’)’ H (B: ak,
=1 =1

If, therefore, ¢, <7/q, each term in the sum obtained on multiplying the left-
hand side of (3) by

q
H (Bi — ay )
=1
could be represented by a vector drawn from the origin to a point lying in the
angular opening

O0=sargz<m

hence the left-hand side of (3) would not vanish. As this result would contra-
dict Theorem 1, it follows that ¢,=7/g; that is to say, the p —1 zeros of f'(3)
Bay Bas1, + + * » Bar lie in or on a circle K’ concentric with K and of radius
™ ™
R =c¢c— =csc—m—— -
2q 2n—p+1)

The above method of proof may also be used, with little change, in the
case that K is a convex region not necessarily a circle. The corresponding
result may be stated as follows:

THEOREM 2. If a polynomial f(3) of degree n, (n=2), has p, (p22), zeros
in a convex region K, its derivative has at least p—1 zeros in the star-shaped
region K’ consisting of all points of the plane from which K subtends an angle of
not less than w/(n—p+1) radians.

Theorem 2 or Theorem 2’ does not furnish, however, the least number
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p(n, p) as defined in §1. This is clear from the fact that, in general, the
quantity & used in the proof takes on values in addition to 0 and that, there-
fore ¢, must be actually greater than 7/q¢ in order for the left-hand side of (3)
to vanish.

The same is clear from the facts that, although for p=n

™
s ———— =
2n—p+1)

nevertheless for p=2 and #=3

1 = p(n, n),

™
CSC ——
2n—p+1)

and for* p=n—1and n=2

> cscw/n = p(n, 2),

™
csC ——mm—
2n—p+1)
4. Relation to a theorem of Fekete. The inequality

=212> (14 1/n)Y2 = p(n,n — 1).

o(n,2) < cscw/n

was proved by Szegé as a consequence of the following theorem of Grace and

Heawood:1 If a and b are two distinct zeros of a polynomial f(z) of degree n,

at least one zero of the derivative of f(z) lies in or on the circle

a+b l _|e-— b
2 2

cot w/n.

(10)

z —

‘Szeg6 showed that if the ¢ and b are allowed to vary independently in and
on the unit circle, the envelope of circle (10) is the circle |z| =csc /.

A similar relation will now be proved to hold between Theorem 2 and the
following theorem:

THEOREM 3. If a and b are respectively k-fold and l-fold zeros of a poly-
nomial f(2) of degree n, then at least one zero (different from a and b) of the deriva-
tive lies in or on the circle

a+b|_

@11 2

a—b‘ T
z

cot .
2 2n+1—k—1)

* For p=n—1and n25, csc x/[2(n—p+1)]=212>1+42/n, where 142/n is a limit obtainable
from a theorem due to Walsh. See J. L. Walsh, these Transactions, vol. 24 (1922), p. 37, and also
Biernacki, Bulletin de ’Académie Polonaise, 1927, p. 121.

t J. H. Grace, Proceedings of the Cambridge Philosophical Society, vol. 11 (1901), pp. 352-357;
P. J. Heawood, Quarterly Journal of Mathematics, vol. 38 (1907), pp. 84-107.
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This theorem, a generalization of one due to Fekete,* is an immediate re-
sult of the lemma:}

If P(3) is a polynomial of degree v =1, if ¢(3) is a function real, continuous,
nonnegative, and not identically vanishing on the interval (—1, 1) of the real axis,
and if

(@) P@)ds = 0,
-1

then P(z) vanishes in at least one point in which the segment (—1, 1) subtends
an angle of not less than w/v.

In the proof of Theorem 3, it may, without loss of generality, be assumed
that a=—1 and b=1. If ¢(z) =(1+2)*1(1 —2)*! and P(z) =f'(2)/¢(3), the
latter being a polynomial of degree v=n-+1—%—1, the requirements of the
lemma just quoted will be satisfied and Theorem 3 will follow at once.

It will now be shown that the envelope of the circles (11) when a and b vary
independently in or on the unit circle is the circle of Theorem 2 with p=Fk+1.
It obviously suffices to find the envelope of the circles (11) when a and b vary
on the unit circle. Every point of circle (11) may then have its coordinates
written in the form

_a+b+0(a—b) ; T
2T 2 ) a1

with |8] <1, and |a| =|b|. An angle ¢ may be found so that either @ =bei¥ or
b=ae'¥ where 0 <y <=. In either case

]zlécosi-l-sin—‘;-cotz(n_i_lw_k_l)
"t il
sin | —
2 2n4+1-—Fk-—1 T
= =< csc .
T 2m+1—-k—1)

sin
2n+1 -k -1

5. p-valent polynomials. An immediate corollary of Theorem 2 is the
theorem:}

* M. Fekete, Acta Litterarum ac Scientiarum, Szeged, vol. 1 (1923), pp. 98-100.

t M. Fekete, Mathematische Zeitschrift, vol. 22 (1925), p. 2, and Jahresbericht der deutschen
Mathematiker-Vereinigung, vol. 34 (1926), p. 211. See also M. Marden, Bulletin of the American
Mathematical Society, vol. 38 (1932), p. 440; vol. 39 (1933), pp. 750-754.

1 Alexander and Kakeya gave this theorem in the special case p=1. See the above references.
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If the derivative of a polynomial f(z) of degree n=2 has exactly p—1 zeros
(2= p<n) in the unit circle, then f(2) has at most p zeros in or on the circle

™
2(n — p)

For, if f(z) had p+1 zeros in this circle, f’(z) would have at least p zeros
in or on the circle

| 2| = sin

T s —r
2n—p)  2(n—p)

in contradiction to the hypothesis.
This corollary is essentially identical with the following theorem about
p-valent polynomials:

|z| = sin

THEOREM 4. If the derivative of a polynomial P(z) of degree n, (n=2), has
exactly p—1 zeros (2= p <n) in or on the unit circle, then P(z) is at most p-valent
in or on the circle

T
2(n — p)

By a function’s being p-valent in a given region R it is meant that the func-
tion takes on at least one value p times in R and no value more than p times
in R. It suffices then merely to set f(z) = P(z) —v, where v is an arbitrary
constant, in order to deduce Theorem 4 from the above corollary.

Finally, the same method of reasoning when used together with Theorem
2’ leads to the following more general conclusion giving a sufficient condition
for a polynomial to be at most p-valent in a convex region K, not necessarily
a circle.

|z| = sin

THEOREM 4’. Let K be a convex region and S the star-shaped region com-
prised of all points from which K sublends an angle of at least w/(n— p) radians
(2=p<n). Then, if the derivative of any polynomial P(2) of the nth degree has
exactly p—1 zeros in S, the polynomial P(2) is at most p-valent in K.
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